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The Hamilton-Jacobi analysis of three dimensional gravity defined in terms of Ashtekar-like vari-
ables is performed. We report a detailed analysis where the complete set of Hamilton-Jacobi con-
straints, the characteristic equations and the gauge transformations of the theory are found. We
find from integrability conditions on the Hamilton-Jacobi Hamiltonians that the theory is reduced
to a BF field theory defined only in terms of self-dual (or anti-self-dual) variables; we identify the
dynamical variables and the counting of physical degrees of freedom is performed. In addition, we
compare our results with those reported by using the canonical formalism.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
The study of gauge systems is the cornerstone for understand the fundamental interactions of
nature. Gauge systems are characterized since there exist equivalent clases among physical states and
they are connected via gauge transformations. In fact, the gauge transformations are an important
part of the symmetries of the system because they characterize the core of a gauge theory. The
identification of the gauge symmetries can be carry out by means different and powerful approaches
such as the canonical framework developed by Dirac and Bergmann [1, 2], the symplectic method
of Faddeev-Jackiw [3–18] and the Hamilton-Jacobi [HJ] procedure [19–22]. The HJ approach is
an economical and elegant scheme for study gauge systems; it is based on the construction of a
fundamental differential which has as principal components the HJ constraints called Hamiltonians,
which can be involutives and noninvolutives. The former are characterized by considering that
their Poisson brackets with all Hamiltonians, including themselves vanish, in otherwise they are
noninvolutives. The identification of noninvolutive Hamiltonians allows us to construct the so-
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2called generalized brackets which are a generalization of the Poisson brackets, at the end of the
procedure the fundamental differential will be expressed in terms of involutive Hamiltonians and
the generalized brackets. The HJ method has been applied for studying several gauge systems,
in particular systems with general covariance just like BF theories [23, 24], topological invariants
[25] and field theories [26, 27]. In this respect, it has been showed that the development of the HJ
scheme is more economical with respect either Dirac or the FJ approaches. Furthermore, in the HJ
scheme the identification of the symmetries is made in direct form and we avoid the large procedure
of classification of constraints just like in Dirac’s method is done. In this manner, the HJ framework
is an interesting alternative for analyzing gauge systems and their symmetries.
With the ideas exposed above, in this paper we will apply the HJ approach to 3D gravity. The
model under study is reported in [28] and represents the 3D equivalent version of real gravity theory
reported by Holst [29]. In fact, the 3D gravity action is expressed in terms of triads, connexions, a
vector field defined on R4 and a Barbero-Immirzi-like parameter (γ). The analysis reported in [28]
was developed by using the canonical scheme and it was showed that the action is reduced to a BF
field theory without the presence of the Barbero parameter. In this paper, we will perform a different
analysis by introducing a set of Ashtekar-like variables, then the HJ formalism will be developed.
We show that the action is reduced to a BF field theory, however the dynamical variables will be
identified with the anti-self-dual Ashtekar-like variables such as it is presented in the Holst paper.
On the other hand, the γ parameter will be present through the Lagrange multipliers; the parameter
will not contribute to the constraints because the Lagrange multipliers are not dynamical, this result
represent a difference with respect to the Holst action.
The paper is organized as follows. In the Sect. II we will introduce the Ashtekar-like variables,
then the HJ is performed. The characteristic equations and the symmetries of the theory will be
found. In addition, we will observe that the system is reduced to a BF theory and the Barbero-like
parameter will be present at Lagrange multipliers level. Finally in Sect. III some remarks and
conclusions are exposed.
II. HAMILTON-JACOBI ANALYSIS
We shall analyze the following action [28]
S =
∫
d3xǫµνρ
(
1
2
ǫIJKLx
Ie Jµ F
KL
νρ + γ
−1xIeµJF
IJ
νρ
)
, (1)
where ǫIJKL is the volume element of SO(4), x
I is a vector of R4, F IJµν = ∂µA
IJ
ν − ∂νA
IJ
µ +
A Iµ LA
LJ
ν − A
I
ν LA
LJ
µ is the strength curvature of SO(4), e
J
µ is the triad and γ the Barbero-
Immirzi-like parameter. It is straightforward to prove that the action (1) describes 3D Euclidean
gravity and we can observe that there is a closed relation with the Holst action in the sense that
there is a coupling γ parameter.
Furthermore, in this paper, we will work with the temporal gauge, by fixing xI = (1, 0, 0, 0). Al-
though there are other gauge fixing options, we are interested to report the closer relation with the
3Holst action, and the temporal gauge provides us that aim.
In this manner, by performing the 2+1 decomposition the action takes the following form
S =
∫
d3x
1
2
ǫabe0i
[
ǫi jkF
jk
ab +
2
γ
F 0iab
]
−
∫
d3xǫabeai
[
ǫi jkF
jk
0b +
2
γ
F 0i0b
]
, (2)
where the strength curvature components are given by
F
jk
ab = ∂aA
jk
b − ∂bA
jk
a +A
j
a 0A
0k
b −A
j
b 0A
0k
a +A
j
a lA
lk
b −A
j
b lA
lk
a ,
F 0iab = ∂aA
0i
b − ∂bA
0i
a +A
0
a 0A
0i
b −A
0
b 0A
0i
a +A
0
a lA
li
b −A
0
b lA
li
a ,
F
jk
0b = ∂0A
jk
b − ∂bA
jk
0 +A
j
0 0A
0k
b −A
j
b 0A
0k
0 +A
j
0 lA
lk
b −A
j
b lA
lk
0 , (3)
F 0i0b = ∂0A
0i
b − ∂bA
0i
0 +A
0
0 0A
0i
b −A
0
b 0A
0i
0 + A
0
0 lA
li
b −A
0
b lA
li
0 . (4)
Now we introduce the following Ashtekar-like variables
±
A ib = ǫ
i
jkA
jk
b ±
2
γ
A i0b . (5)
and thus we obtain
A i0b =
γ
4
[
+
A ib −
−
A ib
]
, (6)
A
jk
b =
1
4
ǫ
jk
i
[
+
A ib +
−
A ib
]
. (7)
Then, by using these variables, the action reads
S =
∫
d
3
xǫ
ab
e0i
[
∂a
−
A
i
b − ǫ
i
jk
[(
γ2 − 1
16
)
+
A
j
a
+
A
k
b +
(
γ2 + 3
16
)
−
A
j
a
−
A
k
b −
(
γ2 − 1
8
)
+
A
j
a
−
A
k
b
]]
+
∫
d
3
xǫ
ab
eai
[
∂b
(
ǫ
i
jkA
jk
0 +
2
γ
A
0i
0
)
− ∂0
−
A
i
b +
(
γ2 − 1
2γ
)
ǫ
i
jkA
j0
0
+
A
k
b −
[(
γ2 + 1
2γ
)
ǫ
i
jkA
j0
0 + A
i
0 k
]
−
A
k
b
]
.
(8)
we can observe that if γ = 1, then the self-dual-conexion disapears. Because of the action is under
a variational principle, we will not fix the value of γ until the end of the calculations. In this
manner, according the HJ method, from the definition of the momenta (p0i , p
a
i , πi, πij ,
+πai ,
−πai )
canonically conjugated to (ei0, e
i
a, A
i0
0 , A
ij
0 ,
+A ia ,
−A ia ), and from the action (8) we identify the
following Hamiltonians
H ′ ≡ π +H0 = 0,
φi ≡ p
0
i = 0,
φai ≡ p
a
i = 0,
φ˜i ≡ πi = 0,
φij ≡ πij = 0,
+φai ≡
+πai = 0,
−φai ≡
−πai − ǫ
abebi = 0, (9)
4with π = ∂0S where S is the action and the canonical Hamiltonian H0 reads
H0 = −ǫ
ab
e0i
[
∂a
−
A
i
b − ǫ
i
jk
[(
γ2 − 1
16
)
+
A
j
a
+
A
k
b +
(
γ2 + 3
16
)
−
A
j
a
−
A
k
b −
(
γ2 − 1
8
)
+
A
j
a
−
A
k
b
]]
+−πbi
[
∂b
(
ǫ
i
jkA
jk
0 +
2
γ
A
0i
0
)
+
(
γ2 − 1
2γ
)
ǫ
i
jkA
j0
0
+
A
k
b −
[(
γ2 + 1
2γ
)
ǫ
i
jkA
j0
0 + A
i
0 k
]
−
A
k
b
]
. (10)
Now with the Hamiltonians we construct the following fundamental HJ differential [19–25]
df(x) =
∫
d3y
(
{f(x), H ′}dt+ {f(x), φi}dξ
i + {f(x), φai }dξa
i + {f(x), φ˜i}dξ˜
i + {f(x), φij}dξ
ij
+ {f(x),+φai }d
+ξa
i + {f(x),−φai }d
−ξa
i
)
, (11)
where (ξi, ξa
i, ξ˜i, ξij ,+ξa
i,−ξa
i) are parameters related to the Hamiltonians. It is worth to mention
that these parameters play a fundamental roll; for involutives Hamiltonians they correspond to
parameters related with the gauge transformations, this fact will be discussed bellow.
On the other hand, the fundamental Poisson brackets between the canonical variables are given by
{eiµ(x), p
α
j (y)} = δ
α
µδ
i
jδ
2(x− y),
{A i00 (x), πj(y)} = δ
i
jδ
2(x− y),
{A ij0 (x), πkl(y)} =
1
2
δ
ij
kjδ
2(x− y),
{+A ia (x),
+πbj(y)} = δ
b
aδ
i
jδ
2(x− y),
{−A ia (x),
−πbi (y)} = δ
b
aδ
i
jδ
2(x− y). (12)
Once defined the Poisson brackets, all Hamiltonians having vanishing Poisson brackets to each other
are called involutives, otherwise, they are non-involutive Hamiltonians. Thus, by using the funda-
mental brackets we observe that the Hamiltonians (φi, φ˜i, φij ,
+φai ) are involutives and (φ
a
i ,
−φai )
are noninvolutives. Furthermore, due to there are noninvolutives Hamiltonians, we introduce the
generalized brackets by constructing the matrix whose entries are the Poisson brackets between all
noninvolutives Hamiltonians, this is
Cαβ =

 0 −ǫabηij
ǫbaηij 0

 δ2(x− y),
and its inverse reads
(Cαβ)
−1 =

 0 ǫadηij
−ǫbdη
ij 0

 δ2(x − y),
thus, by using (Cαβ)
−1 we can introduce the generalized brackets given by [21–24]
{A,B}∗ = {A,B} − {A,H ′a¯}(C a¯b¯)
−1{H ′
b¯
, B}, (13)
whereH ′a¯ are the non-involutive Hamiltonians. In this manner, by using (13) the generalized brackets
5are given by
{ei0(x), p
0
j (y)}
∗ = δijδ
2(x− y),
{eia(x), p
b
j(y)}
∗ = 0,
{A i00 (x), πj(y)}
∗ = δijδ
2(x− y),
{A ij0 (x), πkl(y)}
∗ =
1
2
δ
ij
kjδ
2(x− y),
{+A ia (x),
+πbj(y)}
∗ = δbaδ
i
jδ
2(x− y),
{−A ia (x),
−πai (y)}
∗ = δbaδ
i
jδ
2(x− y). (14)
The introduction of the generalized brackets redefine the dynamics. In fact, the non-involutive
constraints are removed from the fundamental differential and it can be expressed in terms of the
generalized brackets and involutive Hamiltonians.
In this manner, the fundamental differential written in terms of the generalized brackets and invo-
lutive Hamiltonians takes the form
df(x) =
∫
d3y
(
{f(x), H ′}∗dt+ {f(x), φi}
∗dξi + {f(x), φ˜i}
∗dξ˜i + {f(x), φij}
∗dξij
+ {f(x),+φai }
∗d+ξa
i
)
, (15)
thus, the Frobenius integrability conditions for the Hamiltonians [19, 20], say (φi, φ˜i, φij ,
+φai ), in-
troduce new Hamiltonians
dφi, =
∫
d3y
(
{φi, H
′}dt+ {φi, φj}dξ
j + {φi, φ˜j}dξ˜
j + {φi, φkl}dξ
kl + {φi,
+φaj }d
+ξa
j
)
= ǫab
[
∂a
−
A ib − ǫ
i
jk
[(
γ2 − 1
16
)
+
A ja
+
A kb +
(
γ2 + 3
16
)
−
A ja
−
A kb −
(
γ2 − 1
8
)
+
A ja
−
A kb
]]
= 0,
dφ˜i, =
∫
d3y
(
{φ˜i, H
′}dt+ {φ˜i, φj}dξ
j + {φ˜iφ˜j}dξ˜
j + {φ˜i, φkl}dξ
kl + {φ˜i,
+φaj }d
+ξa
j
)
=
2
γ
∂a
−πai + ǫ
j
ik
−πaj
[(
γ2 − 1
2γ
)
+
A ka −
(
γ2 + 1
2γ
)
−
A ka
]
= 0,
dφij , =
∫
d3y
(
{φij , H
′}dt+ {φij , φk}dξ
k + {φij , φ˜k}dξ˜
k + {φij , φkl}
∗dξkl + {φij ,
+φak}d
+ξa
k
)
= ǫkij∂a
−πak +
1
2
(−πai
−
Aaj −
−πaj
−Aai) = 0→ ǫij
lDa
−πal = 0,
d+φai , =
∫
d3y
(
{+φai , H
′}dt+ {+φai , φj}dξ
j + {+φai , φ˜j}dξ˜
j + {+φai , φkl}dξ
kl + {+φai ,
+φaj }d
+ξa
j
)
=
1
4
ǫabǫ
j
ike0j
(
+
A kb −
−
A kb
)
−
1
γ
ǫ
j
ik
−πajA
k0
0 = 0, (16)
where we identify the following Hamiltonians,
χi ≡ ǫab
[
∂a
−
A ib − ǫ
i
jk
[(
γ2 − 1
16
)
+
A ja
+
A kb +
(
γ2 + 3
16
)
−
A ja
−
A kb −
(
γ2 − 1
8
)
+
A ja
−
A kb
]]
= 0,
χ˜i ≡
2
γ
∂a
−πai + ǫ
j
ik
−πaj
[(
γ2 − 1
2γ
)
+
A ka −
(
γ2 + 1
2γ
)
−
A ka
]
= 0,
ψ˜ij ≡ ǫij
lDa
−πal = 0,
+χai ≡
1
4
ǫabǫ
j
ike0j
(
+
A kb −
−
A kb
)
−
1
γ
ǫ
j
ik
−πajA
k0
0 = 0, (17)
6here Da
−πai = ∂a
−πai −
1
2ǫij
k−A jb
−πak . On the other hand, from the Hamiltonian
+χai we observe
that +χai
−πci++χci
−πai = 0, and thus
+
A kb −
−
A kb = 0; this result implies that in three dimensional
Ashtekar gravity the dynamical variables are given by the adjoint representation of SO(3). In order
to follow the Holst work [29] we choose A jkb =
1
4ǫ
jk
i
−
A ib . In this manner, with these results at
hand the Hamiltonians (17) take the form
Hi :=
1
2
ǫabF iab =
1
2
ǫab
[
∂a
−
A ib − ∂b
−
A ia −
1
2
ǫi jk
−
A ja
−
A kb
]
= 0,
Gj :=
2
γ
∂b
−
πbj −
1
γ
ǫi jk
−
πbi
−
A kb = 0,
G˜ij := ǫij
lDa
−πal = 0, (18)
and the Hamiltonian H0 is reduced to
H0 = −
ǫab
2
e0iF
i
ab − Λ
iDb
−
πbi, (19)
where Λi = ǫijkA0
jk − 2
γ
A0
i0. We can observe that the contribution of the γ parameter is only
present in Λi that will be identified as Lagrange multipliers, this result is a difference respect to
that reported in [28], where the Barbero-like parameter is eliminated completely. Furthermore, from
Eq. (18) we observe that the variables πij and πi generate the same involutive Hamiltonian Gi,
however we will not remove that Hamiltonian until the end of the analysis. The Hamiltonians (18)
are involutives; their generalized algebra is closed
{Hi(x),Hj(y)} = 0,
{Hi(x),Gj(y)} = −
1
2
ǫijkH
k,
{Gi(x),Gj(y)} = −
1
2
ǫij
kGk, (20)
because the algebra is closed, then there are not more Hamiltonians.
Thus, by using all involutive Hamiltonians we construct a new fundamental differential
df(x) =
∫
d3y
(
{f(x), H0(y)}
∗dt+ {f(x), φi(y)}
∗dξi + {f(x), φ˜i(y)}
∗dξ˜i + {f(x), φij(y)}
∗dξij
+ {f(x),H(y)}∗dξ + {f(x),Gi(y)}
∗dωi + {f(x), G˜i
k(y)}∗dωik
)
, (21)
where all noninvolutive Hamiltonians have been removed. Now, from the fundamental differential
we can identify the characteristics equations, then the symmetries. The characteristic equations are
given by
d
−
A ia = DaΛ
idt+Dadω˜
i
d
−
πai =
[
ǫabDbeoi −
Λk
2
ǫki
j−πaj
]
dt+
ǫki
j
2
−πajdω˜
k,
dp0i =
ǫab
2
Fiabdt = 0,
dπi = Gidt = 0,
dπij = ǫij
kGkdt = 0, (22)
7dei0 = dξ
i,
dA0
ij = dξij ,
dA0
i0 = dξ˜i, (23)
where we defined dω˜i ≡ dωi + ǫijkdω
jk. From (22) we can identify the equations of motion
∂0
−A ia = DaΛ
i,
∂0
−
πai =
[
ǫabDbe0i −
Λk
2
ǫki
j−πaj
]
, (24)
and we observe that the evolution of p0i , πi, πij due to the noninvolutive Hamltonians vanishes.
Furthermore, Eq. (23), implies that ei0, A0
ij , A0
i0 are identified as Lagrange multipliers, thus, Λi is
also identified as Lagrange multiplier. Moreover, by taking dt = 0 in (22) we can also identify the
gauge transformations of the theory
δ
−
A ia = Daε
i,
δ
−
πai =
1
2
ǫki
j−πajε
k, (25)
where εi ≡ dω˜i. On the other hand, we commented above that the variables A0
jk and A0
i0 generate
the same Hamiltonian Gi and this fact will be taken into account to perform the counting of physical
degrees of freedom. In fact, the counting of physical degrees of freedom is performed as follows: there
are 12 dynamical variables (−A ia ,
−πai), and 18 involutive Hamiltonians (H
i,Gi, G˜ij , p
0
i , πi, πij),
however, πi and πij generate the same hamiltonian Gi; therefore there are 18-6=12 independent
involutive Hamiltonians, hence the system is laking of physical degrees of freedom as expected; in
the counting of degrees of freedom only independent involutive Hamiltonians must be involved.
Moreover, if we fix A0
jk = 0, we still have the presence of the γ parameter in the Lagrange multiplier
Λi; the theory will take a BF form with γ present only at the level of Lagrange multipliers and
there will be a contribution in the equation of motion (24). On the other hand, if we remove πi by
taking A0
i0 = 0, then there is not any contribution from γ because Λi = ǫijkA0
jk; the theory will
be a BF theory just like that reported in [28], and hence our results extend the results reported in
the literature.
III. CONCLUSSIONS
In this paper, the HJ analysis of 3D gravity written in terms of Ashtekar-Like variables was
performed. We obtained an action with a close relation to the Holst Lagrangian where self-dual
and anti-self-dual connexions are present. We identified all HJ Hamiltonians of the theory, then a
fundamental differential was constructed. From the fundamental differential the characteristic equa-
tions were found; we reported the gauge transformations and we identified the dynamical variables
corresponding to the adjoint representation of the SO(3) conexion. We observed that the theory is
reduced to a BF theory where the presence of the Barbero-like parameter is present at level of the
8Lagrange multipliers, in particular, under a fixing gauge on the multipliers the results reported in
the literature were reproduced. It is worth to mention that the coupling of 3D gravity with degrees
of freedom as for instance matter degrees of freedom, will be an interesting scenario to analize. In
fact, the coupling with matter degrees of freedom could provide us an understanding of the rol of the
γ parameter in 3D gravity just like it is present in the 4D case [30]. In this sense, it is well-known
that in 4D gravity with the coupling of fermions, there is a contribution of the γ parameter; it does
not vanish and it determines the coupling constant of a four-fermion interaction. In this manner,
the HJ framework will be a good alternative for analyzing these problems and we expect to find in
the future advantages in relation with other approaches.
Acknowledgements
We would like to thank R. Cartas-Fuentevilla for reading the manuscript.
[1] A. Hanson, T. Regge, C. Teitelboim, Constrained Hamiltonian Systems (Accademia Nazionale dei
Lincei, Roma, 1978)
[2] D.M. Gitman, I.V. Tyutin, Quantization of Fields with Constraints, in: Springer Series in Nuclear and
Particle Physics, Springer, (1990).
[3] L.D. Faddeev, R. Jackiw, Phys. Rev. Lett. 60, 1692, (1988) .
[4] E. M. C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, F.I. Takakura, L.M.V. Xavier, Modern Phys.
Lett. A 23, 829, (2008) .
[5] E.M.C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, F.I. Takakura, Inter. J. Modern Phys. A 22,
3605, (2007).
[6] E.M.C. Abreu, C. Neves, W. Oliveira, Internat. J. Modern Phys. A 21, 5329, (2008).
[7] C. Neves, W. Oliveira, D.C. Rodrigues, C. Wotzasek, Phys. Rev. D 69, 045016, (2004).
[8] C. Neves, C. Wotzasek, Internat. J. Modern Phys. A 17, 4025, (2002).
[9] C. Neves, W. Oliveira, Phys. Lett. A 32, 267, (2004).
[10] J.A. Garcia, J.M. Pons, Internat. J. Modern Phys. A 12, 451, (1997) .
[11] E.M.C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, R.C.N. Silva, C. Wotzasek, Phys. Lett. A 37,
3603-3607, (2010).
[12] L. Liao, Y.C. Huang, Ann. Phys. 322, 2469-2484, (2007).
[13] A. Escalante, J. Manuel-Cabrera, Ann. Physics. 343, 27-39, (2014).
[14] A. Escalante, M. Za´rate, Annals. Phys. 353, 163-178, (2015)
[15] A. Escalante, J. Manuel-Cabrera, Annals. Phys. 36, 1585-604, (2015).
[16] A. Escalante, O. Rodr´ıguez-Tzompantzi, Annals. Phys. 364, 136 (2016).
[17] J. Barcelos-Neto, C. Wotzasek, Modern Phys. Lett. A 7 (19) (1992) 1737-1747; J. Barcelos-Neto, C.
Wotzasek, Internat. J. Modern Phys. A 7 (20) (1992) 4981-5003.
[18] A. Escalante and C. Medel-Portugal, Annals Phys. 39, 27-46, (2018).
[19] Y. Gu¨ler, On the dynamics of singular continuous systems, J. Math. Phys. 30 785 (1989).
[20] C. Caratheodory, Calculus of Variations and Partial Diferential equations of the First Order, 3rd edn
(American Mathematical Society) (1999).
9[21] M.C. Bertin, B.M. Pimentel, C.E. Valca´rcel, J. Math. Phys. 55 112901 (2014).
[22] M.C. Bertin, B.M. Pimentel, C.E. Valca´rcel, Ann. Phys. 323 3137 (2008).
[23] G. B. de Gracia, B. M: Pimentel, C.E. Valca´rcel, Eur. Phys. J. Plus 132: 438, (2017).
[24] N. T. Maia, B.M. Pimentel, C.E. Valca´rcel, Class. Quantum Grav. 32, 185013, (2015).
[25] A. Escalante, A. Pantoja, arXiv:1911.08422, To be published.
[26] M.C. Bertin, B.M. Pimentel, C.E. Valca´rcel, J. Math. Phys. 55, 042902 (2014).
[27] A. Escalante, A. Pantoja, Eur. Phys. J. Plus 134: 437, (2019).
[28] M. Geiller, K. Nouil, Gen. Rel. Grav. 45:1733-1760, (2013).
[29] S. Holts, Phys. Rev. D 53, 5966 (1996).
[30] A. Perez, C. Rovelli, Phys.Rev. D73, 044013, (2006).
